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ORIGEN = THE ORNL ISOTOPE GENERATION AND DEPLETION CODE

M. J. Bell

ABSTRACT

ORIGEN is a versatlile point depletion code which solves the
equations of radloactive growth and decay for large numbers of
isotopes with arbitrary coupling. The code uses the matrix
exponential method to solve a large system of coupled, linear,
first-orvder ordinary differential eguations with constant coef-
Tieients. The general nature of the matrlix exponential method
permites the treatment of complex decay and transmutation schemes.
An extensive library of nuclear data has been compiled, including
half-lives and decay schemes, neutron absorption cross sections,
fission yields, disintegration energies, and multigroup photon
release data. ORICGEN has been used to compute the compositions
and radicactivity of fission products, cladding materials, and
fuel materials in LWRs, LMFBRs, MSBRs, and HTGRs. The applica-
tions are illustrated with calculated inventories and radiation
levels for spent fuel irradiated to 2 burnup of 33,000 MWd/metric
ton in a PWR spectrum.

1. INTRODUCTION

One of the problems commonly encountered in the field of nuclear
energy is the solution of equations involving nuclear transmutation and
decay. To a good approximation, these nuclide chain equations can be
represented as a simultaneouz system of linear, homogeneous, Tirst-order
ordinary differential equations with constant coefficients. In many
instances, the matrix of nuclear transmutation coefficients is triangular
and the system of equations can be zolved using the method of Bateman,l
which has been employed in a number of computer codes.2_5 However, each
of these codes has generally suffered from an inability to treat more than
a few specific types of transmutations and from difficulties encountered

o ':(— 0 »
in treating "feedback,” despite some progress in these areas.

Tpeedback” is a term used to describe a reaction in which an isotope
decays to produce one of its precursors, as is eancountered in alpha
decay of the actinides, Mathematically, the appearance of such terms
results in a transition matrix that is not triangular.
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An alternative approach to solving the same system of equations

P
utilizes the matrix exponential method, which has been employed by Pease”
and others.7"lo Although completely general, this method has been limited

in the past by the storage that is required to generate the matrix expo-
nential series and by computational inaccuracies., Computational difficul-
ties arise because the nuclide chain equations constitute a classic example
of a set of "stiff" ordinary differential equations, that is, one in which
the eigenvalues of the characteristic equation for the system are widely
separated.ll The matrix exponential method has been employed in the

ORIGEN code in order to explolt its extreme generality. The limitation

on the number cf nuclides that can be treated, which results from the
necessity to store large arrays, has been overcome by two devices:

(1) ORIGEN stores only the nonzero elements of the ncrmally sparse tran-
gsition matrix and two vectors that are used to locate them; and (2) the
expansion of the matrix exponential function is performed using a recursion
relation which requires storage of only cne vector in addition Lo the
solution. Computational difficulties arising from eigenfunctions with

very large eigenvalues (corresponding to nuclides with very short half-
lives) are avoided by using asymptotic solutions of the nuclide chain

equations for the conditions of secular and transient cquilibrium.

The ORIGEN code has been designed to be extremely versatile in its
applications., It is capable of computing isotopic compositions of fuel,
fission products, and cladding in both fixed and fluid fuel reactors.
The library of nuclear data that has been compiled for use with the code
is sufficiently extensive to treat 235U and 239Pu fuels in both fast and

: 2"
thermal spectra, and fission of 733

U in thermal spectra. The library also
contains multigroup photon release ratesgs for the fission products and the
heavy metals, which permits the calculation of gamma-ray spectra in spent
and refabricated fuels. One other important feature of the code is that
the matrix exponential technigue has been developed to sclve a nonhomo-
geneous system of equations. This fealure makes it possible for ORIGEN

to be employed in calculating the accumulation of activity in processing

plants, in waste disposal operations, and in the environment,



The remainder of this report consists of three major sectionz, Section
2 develops the mathematical technigues used in the ORIGEN cowputations.
Section 3 summarizes the information that is contained in the library of
nuclear data. Section 4 examines the function of each subroutine in the
program, discusses programming considerations, describes the input for
the code, and gives input for a sample problem., Output for a sample
calculation is included in the Appendix. The Individual sections are
intended to be independent, so that Section L4 can be employed as a user's

manual without reference to preceding sections.

A complete code package has been deposited with the Radiation Shielding
Information Center. Inguiries or requests for the code may be mailed to:
Codes Coordinator
Radiation Shielding Information Center

Oak Ridge National Taboratory

) : 7
Oak Ridge, Tennessee 37830 g Takd
J

ol

or telephoned to:

Area code 615, 483-8611, ext. 3-694k, or
FTS XX - 615-L83.60LL,
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2. DESCRTIPTION OF MATHEMATICAL MHETHOD

A general expression for the formation and disappesrance of a nuclide

by nuclear transmutation and radiocactive decay may be written as follows:

N N
o AR }: e - (0 + Bo )%, (1= 1,0, (1)
3=1 =1

where Xi is the atom density of nuclide 1, ki is the radicactive disinte-
gration constant for nuclide 1, o, is the spectrum-averaged neutron
absorption c¢ross section of nuclide i, and {ij and fik are the fractions
of radicactive disintegration and neutron absorption by other nuclides
which lead to the formation of species i. Also in Eg. (1), ¢ is the
position- and energy-averaged neutron flux, which is also assumed to be
constant over short intervals of time, Rigorously, the system of equations
described by Eq. (1) is nonlinear since the neutron flux will vary with
changes in the composition of the fuel. However, the varlation with time
is slow and, if the neutron flux is considered to ve constant over short
time intervals, the system of Eg. (1) is a2 homogeneous set of simultaneous
first-order ordinary differential equations with constant coefficients,

which may be written in matrix notation:

K=4x. 2)
Faquation (2) has the known solution
X = exp (&%) X(0) , (3)

where X(0) is a vector of initial atom densities and A 1s a treansition
matrix containing the rate coefficlients for radicactive decay and neutron
capture. The function exp (At) in Eq. (3) is the matrix exponential

tavd

2
function, a matrix of dimension N7, which dis defined as

(at)° o (at)™
exp (éﬁ) = L1+ Qt + “;T‘”'+ — §: T (M)



IT one can generate this function accurately from the transition matrix,

then the solution of the nuclide chain equations is readily obtained,

2.1 Computation of the Matrix Exponential Series

Two principal difficulties are encountered in employing the matrix
exponential technique to solve large systems of equations: (1) a large
amaunt of memory is required to store the transition matrix and the
matrix exponential function, and (2) computational problems are encoun-
tered in applying the matrix exponential method to systems of equations
with widely separated elgenvalues. The generation and storage of the
transition matrix are explained in Sect. 2.5. The computation and storage
of the matrix exponential function have been facilitated by developing a
recursion relation for this function which does not require storage of
the entire matrix, Thus it is possible to derive an expression for one
nuclide in Eq. (3) which is given by

[s2]

x, (t) = ) c? , (5)

)

n=0

n . . .
where Ci is generated by use of a recursion relation

cg = x,(0) (6a)

nt1 t

n e
i =T a,.C. . (6b)

1373

g, 0=

Here, aij is an element in the transition matrix that is the first-order

rate constant for the formation of species i from species j. ‘This algorithm
. . n . s N .

requires storage of only one vector C° in addition to the current value

of the solution.

In performing the suwmmation indicated by Eq. (5) it is necessary to
ensure that precision in the answer will not be lost due to the addition

and subtraction of nearly equal large numbers. In the past, this objective



has been accomplished by scaling the time step by repeatedly dividing
by 2 until the norm of the matrix is less than some acceptable small
value, computing the matrix exponential functicn for the reduced time
step, and repeatedly squaring the resulting matrix to obtain the desired

time step.” ~ Such a procedure would be impractical for a camputation
involving large numbers of nuclides (many of which have short half-lives)
corresponding to large norms of the é; matrix. However, it is Jjust for
these short-lived isotopes that the conditions of secular and transient
equilibrium are known to apply. Thus, in the computations performed by
ORIGEN, only the compositions of those nuclides whose diagonal matrix
elements are less than a predetermined value are computed by the matrix
exponential method. The concentrations of the isotopes with large diagonal
matrix elements are computed using an analytical expression for the condi-

tions of secular or transient eguilibrium, as described in Sect. 2.2.

Lapidus and Luus3 have shown that the accuracy of the computed mabrix
exponential function can be maintained at any desired value by controlling
the time step such that the norm of the matrix éﬁ is less than a predeter-
mined value which is fixed by the word length of the digital computer
used in the calculations. They define a norm of the matrix é, denoted

by [AT, which is given by the smaller of the maximum-row sbsolube sum

, masz
i

J

and the maximum~column absolute sum:

[A] = min {mauc Z Ia .
i ij
J 4

aijl} ’ (7)

where Iaigl denotes the absolute wvalue of the element ajj. They show that
the maximum term in the summation for any element in the matrix exponential

n
o . n . .
Tunction cannot exceed a7 where n is the largest integer not larger than

[41t, Consideration of the word length of the computer used to perform
the calculations will indicate the maximum value of n that c¢an be used
while obtaining a desired degree of significance in the results. Using
double precision arithmetic, the IBM 360 cperating system can perform
operations retaining 16 significant decimal figures. In the ORIGEN code,
the norm of the transition matrix ies restricted to be legs than

[A] < -2 1n 0.001 = 13.8155, so that the maximum term that will be



calculated will be approximately 49,000. Thus, a value as small as

exp (-13.8155) = lOM6 can be computed, while retaining five significant
figures. A sufficient number of terms must be added to the infinite
summation given by Eag. (5) to ensure that the series has converged. The

(2] is equal to [v]m
([A] LI l/q

mth term in the series for e , which, for large values

of m, can be approximated by using Stirling's approxi-

mation. The value of the norm, [A], is calculated by the code; and m is

set equal to the largest integer in % [A] + 5, which has been determined

as a "rule of thumb" for the number ;f terms necessary to limit the error
to <0.1%. Thus, for [A] equal 13.8155, 53 terms will be required in the

summation. The absolute value of the last term added to the summation

in this case will be less than 6.4 x 10'10, which is sufficiently small

compared with 10'6. It has been observed that the norm is usually less
than its maximum value and, in most cases, 30 or fewer terms are required

to evaluate the series.

It has been mentioned that, in previous applicationgof the matrix
exponential method, the restriction of the size of the norm of the
transition matrix necessary to treat nuclides with large eigenvalues
was accomplished by repeatedly dividing the matrix by 2, and the Tinal
value of the matrix exponential function was obtained by repeatedly
squaring the resulting intermediate matrix exponential function. In
the present application, the suggestion of Ball and Adamsh that the
transitions involving isotopes with large decay constants be consldered
"instantaneous'" was adopted; that is, if A » B - C and if the decay
constant for B is large, the matrix is reformulated as if C were formed
from A directly, and the concentration of B is obtained by an alternative
technique. Similarly, if the time constant for A is very large, the
transition matrix is rewritten as if the amount of isotope B initially
present were equal to A + B, and only the transition B - C is obtained
by the matrix exponential technique. This reduction of the fransition
matrix and the generation of the solution by the matrix exponential

method are performed by the subroutine TERM (see Sect. 4.1).



2.2 Use of Asymptotic Solutions of the Nuclide Chain
Equations for Short-Lived Isotopes

The numerical technigues described in Sect. 2.1 are applied only
to obtain the solutions for isobopes that are sufficiently long-lived
to satisfy the criterion that the norm of the transition matrix be lessz
than 2 In 1000. GShort-lived isotopes are treated by using linear combi-
nations of the homogeneous and particular solutions of the nuclide chain
equations that are computed using alternative procedures, The quantity
of a short-lived nuclide (originally present at the begimning of an
interval) that remains at the end of the interval is computed in subrou-
tine DECAY using a genersalized form of the Bateman equations which treats
an arbiltrary forward-branching chain. The generalized treatment is
achieved by searching thréugh the transition matrix and forming a queue
of all short-lived precursocrs of an isotope. The Babeman equation soluticn
is then applied to this queue. The queue is terminated when an isotope
having no short-lived precurscrs is encountered. Ihe algorithm also has
provisions for treating two isotopes with equal eigenvalues and Tor

treating cyeclic chains.

Bateman's solution for the ith member in z chain at time t may be
written in the form:5
-d;t
Ni(t) J,‘Ii(O)E
i-1 i1 : )
: ' exp (-dst) - exp (-ds;t) i-Loa 4 o
+ z N, (0) > J L a. .0 _otl,n , (8}
'S - (d; - ds) 3*1,3 L dp - dj
k=1 =k ) nes ¢
n#£j

where Nj(O) is the amount of isotope J initially present and the members

of the chain are numbered consecutively for simplicity. This method of
i-1

gsolutlon used the convention that [
n=K
. P P and that the empty product (kx 2 1) is equal

, TeR, kL i,i-17 PLY ( ‘ au

i L the product
aﬂ+l,n is equal to the product

.
K1,k

to unity. The notation a; . for the first-~order rate constant is the
-2
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same as that described in Sect. 2.1, and di

il
]
&)

In the present

application, Eq. (8) is recast in the form

—dit
Ni(t) = Ni(O)e
i-1 . i-1 .
= b ’ exp <"djt> - exp (-d;t) i-1 dp
+ ZJ Nk(O) 1 ~—5—A~ E; a. R I 53
ol n=k n Tk J i J n=k n J
= | I n#j
i~1
by multiplication and division by 1 d . The first product in Eg. (9)
n=k

has significance because it is the fraction of atoms of isotope k that
follow a particular sequence of decays and captures. If this product
becomes less than 10'6, contributions from nuclide k and its precursors
to the concentration of nuclide i are neglected. The inner summation in
Eq. (9) is performed in double precision arithmetic to preserve accuracy.
This procedure is unnecessary for evaluating the cuter summation because
all the terms in this sum are known to be positive. The difficulties
described by Vondy in applying the Bateman equations for small values of
dit do not occur in the present application since, when this condition
occurs, the matrix exponential solution is employed. The matrix exponen-
tial method and the Bateman equations complement each other; that is, the
former method is quite accurate when the magnitude of the characteristic
values of the equations to be solved is small, whereas the Bateman
solution encounters numerical problems in this range., For the case
where two isotopes have equal removal constants (d; = dj), the second

summation in Eq. (9) becomes:

i-~1 .
‘ -4yt i-1 d,
Z djt e i T, (10)
ol n=k 1 J
J= n#j
An analogous expression is derived for the case when 4, = dj. These forms

of the Bateman equations are applied when two isctopes in a chain have
the same diagonal element or when a cyclic chain 1s encountered, in which

case g nuclide is considered to be its own precursor.
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In the situation where a short-lived nuclide has a long-lived

precursor, a second alternative solution is employed.

the short-lived daughter is assumed to be in
its parent at the end of any time interval.

parent 1s obtalned from subroutine TERM, and
daughter is calculated in a subroutine named

setting Bq. (3) egual to zero:

In this instance,
secular equilibrium with
The concentration of the
the concentration of the

EQUIL (see Sect. L.1) by

Fguation (11), which is a set of linear algebraic equations Tor the

concentrations of the short-lived isotopes, is readily solved by the

. s . . . O
Gauss-Seidel dterative technique.

the property that all the diagonal elements of the matrix are negative

and all off-diagonal elements are positive,

inverting Eq. (11) and using assumed or previously calculated values

for the unknown concentrations to estimate an improved value, that is,

(11)
The coefficients in Eqg. (11) have
The algorithm inveolves
. (12)

The iterative procedure has been found to converge very rapidly since,

for these short~lived isotopes, cyclic chains are not usually encountered

and the procedure reduces to a direct solution.



2.3 Application of the Matrix Exponential Method
for Nonhomogeneous Systems

Certain problems that involve the accumulation of radicactive
materials at a constant rate and are of engineering interest require
the solution of a nonhomogeneous system of first-order linear, ordinary

differential equations. In matrix notation, one writes

X=pX+B. (13)
This set of equations has the particular solution
- -1 /11
£(t) = [exp (4t) - I3 A7 B, (1)

provided that é_l exlsts. Substituting the infinite series representation

for the matrix exponential function, one obtains

A (at)°
X(t) = [T+ %%-+ 5} + ...1 Bt (152)
oy W .
S UL o) ,) Bt . (15b)
m=0

The particular solution may also be expressed as the sum of an infinite

series:

[o¢]

n .

x; (L) = 2 D, (16)
n=1

whose terms are generated by use of a recursion relation

1 \
Dy =Dt , (17a)
N
n+1 t ?‘ ,
o h) B
Di ntl L alJ LJ L)



Once again, the algorithm is applied only to long-lived nuclides, and the
concentrations of the short-lived nuclides are obtained by an alternative

technique. TIn this situation, Fq. (11) is modified to the form

N
. _ _ Y " » Q
¥, = 0= ZJ a5y Xyt b, (18)
J=1

and is solved by the Gauss-Seidel method. After the homogenecus and
particular solutions have been obtalned, they are added to obtain the

complete solution of the system of eqguations.

2.4 Computation of Neutron Flux and Specifie Power
P b

In order to compute changes in fuel composition during irradiation
at constant power, it is necessary to take into account changes in the
neutron flux with time as the fuel is depleted. At the start of the
computation, the known parameters are the initial fuel composition and
the constant specific power that the fuel must produce during a time
interval. The Iinstantanecus neubron flux may be related to the fuel
composition at a fixed time by the equation

P=3.20x 107 50 , (19)

/

where P is the specific power, in MW per unit of fuel; £ is the macroscopic
fission cross section, in cm2 per unit of fuel; and ¢ is the instantaneous
neutron flux, in neutrons per cmzusec. The constant in Fg. (19) is derived
by assuming a value of 200 MeV per fission., An approximate expression for
the value of the neutron flux as a function of time is obtained by expansion
in a Taylor series about the sgtart of the interval:

(> =)
..4 La

) 1 -t ;‘:(O) t

8(t) = 3.125 x 100 p [;(o)' _ 2[£(0)1" - £(0) i(o)) .
2(0)°

)
e\ 3

L]

or

o) = 9l0) [1 - ¢ 29 £ (220 - 2(0)), ] (20b)
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The average neutron flux during the interval is obtained by integrating

over the interval and dividing by t:

_ LT e R(0) P /2n0)” - £(0)%(0)
¢ = ¢(0) L} " % 3(0) + ( ) =Bk )> + ...] . (21)

Here, the notation £(0) is used for the macroscopic fission cross section
at the start of the time interval, and 2(0) and i(O) are the first and
second time derivatives evaluated at the start of the interval. The
values of i(O) and %(0) can be evaluated since Z(O) = A X(0) and

2(0) = A %(O) = é? X(0). FEquation (10) is used in the computer program
in subroutine FLUXC to estimate the average flux during an interval,
based on conditions at the start of the interval. The term involving

the second derivative is only employed for the first time interval where,
for some isotopes, k(O) is zero but %(O) is nonzero. The average power
produced during & time interval for a fuel in a fixed neutron flux is
estinmated from the initial composition using a similarly derived equation:

. . 2
P=3.20x 10747 ¢x(0) [1 + 5(0) g_}, 2(0) —g— + o] (22)

In order for the above procedures to estimate the average neutron flux

or aversge specific power correctly, the changes in neutron flux during
the interval must be relatively small. If the average value of either

of these gquantities differs from the initial value by more than 209, a

message will be printed out advising the user to employ smaller time

increments.

2.5 Construction of the Transition Matrix

An extensive library of nuclear properties of radicactive isotopes
has been compiled for use with the ORIGEN code. (See Sect. 3 for details.)
The data are in the form of half-lives, fractions of transitions that
produce a given nuclear particle, cross sections, and fractions of

absorptions that yield certain particles. These data are read from
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the library btape and processed into a Torm for use by the mathematics

routines in subroutine NUDATA (see Sect. 4.1 for description of NUDATA),

It is possible to compute the concentrations of as many az 800
nuclides using the present code. However, straightforward construction
of a generalized transition matrix would require the storage of an
800 x 800 array, which would tax the storage capacity of the largest
computers available today. On the other hand, the trangition matrix is
normally very sparse, and storage requlrements can be reduced substantially
by storing only the nonzero elements of the matriz and two relatively
small vectors that are used to locate the elements. Subroutine NUDATA
is also used to generate the compacted transition matrix and the two

storage vectors.

Subroutine NUDATA processes the library tape by reading a six~digit
identifying number, NUCL(I), for each nuclide, Tollowed by the half-life
and the fraction of each decay that occurs by several competing processes.
A gecond card, which contains neutron absorphbion cross sections Tor (n,7),
(n,a), n,p), (n,2n), (n,3n), and (n,fission) reactions for one of four
reactor spectra, is then read. The six-digit identifying number is equal
to Z * 10,000 + W * 10 + IS5, where 7 is the atomlc number, W is the atomic
welght (in integral atomic mass units), and I8 is either O or 1 to indi-
cate a ground state or a metastable stabte, respectively. This information

is processed into a compacted transition matrix, as described below.

first, the half-life is used to calculate the radioactive disintegra~-

ot

ion constant, A. First-order rate constants Tor various competing decay

rocesses are calculabed by multiplying A by the fraction of transitions

b

to that final state. The product nuclide resulting from each nuclear
transition is next identified by addition of a suitable constant to the
six-digit identificstion number for the parent nuclide. (For example,
for a B decay, 10,000 is added to the parent identifier; for neutron
capture, 10 is added; or for isomeric transition, the quantity -1 is
added.) Two arrays are constructed: +the first, NPROD(J,M), contains
all the products which can be directly formed from any nuclide J by the
transitions considered in the library; and the second, COEFF(J,M), con-

tains the first-order rate constants for the corresponding transitions.
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When these arrays have been constructed, a search of the NPROD array is
conducted to identify all the parents of a given nuclide T. [Nuclide J

is a parent of I if NPROD(J,M) equals NUCL(I) for any reaction of type M.]
When a parent of nuclide T has been located, the value of the correspond-
ing coefficient 8 5 in the transition matrix is equal to COEFF(J,M).
However, direct storage of aij in a square array would require an exces-
sive amount of storage. Hence, this procedure is avoided by incrementing
an index, N, each time a coefficient is identified. The coefficlients

are stored sequentially in a one-dimensional array, A(N); the value of

J is stored in another one-dimensional array, LOC(N); and the total number
of coefficients for production of nuclide I are stored in a third array,
NGNO(TI). When all of the coefficients for every nuclide have been stored,
the N¢NO(I) array is converted to indicate the cumulative number of matrix
coefficients for all the isotopes up to and including L [i.e., NENO(I + 1)
= NPNO(I) + NgNO(L + 1) for all I greater than 1]. After this procedure
has been executed, the N¢NO array is a monotonically increasing list of
integers whose final value is the number of nonzero, off-diagonal matrix
elements in the transition matrix., This final value is preserved separ-
ately as the variable NON, For computational convenience, the values of
the diagonal matirix elements are stored in a separate vector, D(I). To

perform the multiplication of the transition matrix by a vector (e.g.,
N

ki = % aijxj), as is required to execute the algorithm described in
h J=1

Sect. 2.1, the operations described in the flow chart given in Fig. 2.1

are employed.

Two types of data in the nuclear library require a departure from
the procedure Just described. In the case of neutron-induced reactions,
it is necessary to specify the neutron flux before first-order rate
coefficlients can be calculated as products of flux and cross sections.
At the time the matrix is generated, the neutron flux is unknown. Also,
to perform a fuel depletion calculation, the flux must be permitted to
vary with time. Thus, when the nonzero, off-diagonal matrix elements
for isotope I are stored, all those for formation by radiocactive decay

are grouped first and are followed by those for formation of T by neutron
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